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Abstract— The main objective of this R&D work is to simulate 
particle beam optics in CV-28 Cyclotron of Instituto de Engenharia 
Nuclear – IEN/CNEN, as a support for improvements or 
optimization of this particle accelerator. Besides 2D magnetostatic 
field computation results, the authors present an alternative 
method for charged particle trajectories computation in 
electrostatic or magnetostatic fields. This task is approached by 
analytical computation of trajectories, by parts, considering 
constant fields within each finite element. This method has some 
advantages over numerical integration ones: numerical 
miscomputation of trajectories is avoided; stability problem is also 
avoided, for the magnetostatic field case. Some examples are 
presented, including positive ion extraction from cyclotrons with 
strip-foil. This latter technique is an interesting alternative for 
upgrading positive ion cyclotrons, such as CV-28 Cyclotron. The 
particle trajectory computation method presented in this work is of 
interest not only for cyclotrons, but for accelerator and related 
technology, in general. 
  
Index Terms— Computational electromagnetics, cyclotron, particle trajectory 
computation, stripping extraction of positive ions. 
I. INTRODUCTION 
CV-28 Cyclotron [1] particle accelerator of IEN/CNEN, is under operation since 1974. Originally 
designed as a multi-particle, variable energy cyclotron, it is currently dedicated to accelerate only 24 
MeV protons, for medical radioisotopes production. This accelerator could have, thus, its design 
optimized for this particular application. 
One possible improvement could be the use of strip-foils for beam extraction, instead of 
electrostatic deflection system, the latter currently used in CV-28 Cyclotron. The use of strip-foils 
would minimize beam losses, and also operational and maintenance problems. The electrostatic 
deflector is one of the most activated parts in a cyclotron of this type, what causes higher radiation 
doses for workers during maintenance. Also, in this Cyclotron, extraction efficiency achieved with 
electrostatic deflection is approximately 70 %, while the use of strip-foils can lead to extraction 
efficiencies near 100 % [2]. 
Such an improvement can be strongly supported by particle beam optics analysis. Then, an R&D 
has begun in IEN, for computational electromagnetics and particle trajectory computation [3], [4], 
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based on a finite element package formerly developed. 
Previous results have been reported [5]. New results include 2D fields computation from vector 
potentials, and particle trajectory computation in electrostatic or magnetostatic fields [4]. The last task 
is performed for single non-relativistic particle, space charge effects are not considered for beam 
simulation in the current stage. 
Some authors [6]-[8], report particle trajectory computation in electromagnetic fields by numerical 
integration methods. In the present work, though, as linear finite elements are used, trajectory 
computation can be performed analytically, on an element-by-element basis, taking into account the 
constant (electrostatic or magnetostatic) fields within each finite element. This approach is an 
alternative to the use of numerical integration methods [6], [7]. 
This method is similar to the one reported in [9]. Those authors, though, have only briefly described 
it in words, giving no details about formulations. Thus, as long as no information was available, all 
the formulations had to be derived, as well as the strategies adopted for particle advance within the 
mesh. The authors propose, in the present work, detailed formulations for this alternative method. 
Some of its characteristics are compared to numerical integration's ones: 
1- Trajectory is computed analytically within each finite element, then approximation deviations 
due to numerical integration are avoided; it requires, though, constant fields within each 
element. 
2- Stability problem in trajectory computation can be avoided, by solving system of equations 
directly for coordinates; in numerical integration methods, care must be taken in the time step 
choice, in the magnetostatic field case, for stability [7], [8]. 
3- No matrix inversion is required, as it does in numerical integration methods [7], for the 
magnetic field case. 
4- At each step, trajectory interception with the next finite element's frontier must be identified 
and computed correctly, what is not required in numerical integration methods. 
Some examples illustrate the method. Among them, simulations are performed for extraction of 
positive ions from cyclotrons with strip-foils. This technique is a very interesting alternative for the 
use of electrostatic deflection systems, also avoiding all the technological difficulties related to 
negative ion cyclotron design or upgrade. 
II. 2D FIELD FORMULATIONS 
A. Differential equation 
The formulation for magnetostatics is based on the magnetic vector potential, as shown in (1). 
JA =×∇×∇ ν  (1)
where: 
   • A and J are the vector potential and the applied current density source, respectively, 
   • ν is the magnetic reluctivity, which in this work is considered to be uniform for the iron regions. 
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In a 2D domain Ω, (1) reduces to the Poisson equation in (2). 
JA −=∇⋅∇ ν  (2)
where: 
   • A and J are components of A and J, respectively, in the normal out of plane direction. 
B. Weak formulation 
From Galerkin weighted residuals approach, it follows the weak integral formulation (3) over the 
domain Ω, with boundary Γ. 
∫ ∫∫Ω ΩΓ Ω=Γ⋅∇−Ω∇⋅∇ wJddAwdAw  ˆ ˆ nνν  (3)
where: 
   • Â is the estimate for the potential A, 
   • w is the weighting function, 
   • n is the outward unity vector normal to the boundary Γ. 
C. Finite element discretization 
First-order triangular finite elements were used [10]. Discrete formulation for the 2D Cartesian 
referential system, results [11] in (4). 
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where: 
   • the subscript e denotes element, 
   • Ωe denotes the element subdomain, 
   • NE is the number of elements in the domain Ω, 
   • ν and J are constant within each element. 
III. PARTICLE TRAJECTORY COMPUTATION 
A. Element identification algorithm 
For particle trajectory computation, the finite element that contains the particle, must be identified, 
at any moment, given particle's coordinates. A strategy for this task has been implemented, based on 
Lohner's algorithm [12]. The steps of this strategy are explained in the following, for 2D triangular 
finite element meshes. 
1- Select an element, and evaluate its interpolation functions Ni, for the given Cartesian 
coordinates (x, y); 
2- If, for all i,  Ni > 0 and Ni <= 1, then the point (x, y) is located within the selected element; 
3- If not, find the minimum algebraic value of Ni, and select the neighbor element that faces the 
opposite side of this node; 
4- Evaluate again Ni, return to step 2. 
Step number 3 directs the search towards the given coordinates (x, y). This algorithm, independent 
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of the first element selected, finds the element that contains the coordinate (x, y) faster than an 
exhaustive search in the entire mesh. 
B. Trajectory computation 
In numerical integration methods, particle's velocity is updated first, and then its coordinates. Also, 
as the fields may vary in a more general way within the domain, algorithms such as Leap-Frog, 
consider values of variables at half time steps [6], [7], so as to improve results. For the magnetic field 
case, though, the resulting system of equations shows interdependence between velocity components 
along the coordinate axes, and its solution requires matrix inversion [7]. Also, the time step must be 
carefully chosen, for stability in trajectory integration [7], [8]. 
But since in this work, the fields are constant within finite elements, there is no need to consider 
variables at half time steps. Acceleration's value is given for each finite element, and velocity and 
coordinates' initial values are the ones at the beginning frontier. Further, as the intersection between 
particle's trajectory and the element's frontiers has to be computed at each step, coordinates are 
updated first, and then velocity. 
The general formulations for particle's coordinates and velocity are shown in the following. 
Solution is derived first for this general formulation, the particular cases for electrostatic and 
magnetostatic fields are shown late. 
( ) 211 21 tt eiii Δ+Δ+= −− avrr  (5)
teii Δ+= − avv     1  (6)
where: 
   • ri is particle's updated coordinate, with initial value (on the initial frontier) ri–1, 
   • vi is particle's updated vector velocity, with initial value vi–1, 
   • ae is particle's acceleration within each element, 
The equation of a frontier's support line of a generic finite element, say for frontier 12, is: 
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where: 
• (x1, y1) and (x2, y2), are Cartesian coordinates of element's nodes 1 and 2, respectively. 
All calculations are shown for frontier 12. For the other frontiers, 23 and 31, cyclic permutation of 
indexes has to be performed, whenever needed. 
Cartesian components xi and yi of coordinate ri in (5), plus the finite element frontier's formulations 
in (7), form a system of three equations, with three unknowns: Δt, xi and yi, – by changing x and y 
variables in (7), for xi and yi, respectively. 
The solution of this system of equations gives intersections between trajectory curve and the finite 
element's frontiers. It may be solved by two approaches: 
1- System of equations solved for the time interval variable, and then coordinates computed; 
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2- System of equations solved directly for coordinates, which are the desired variables. 
Each one is explained in more details in the following. 
1) Trajectory computation from time interval variable: 
From (5) and (7), solving for the time interval Δt results, after some algebraic manipulation: 
( ) ( )[ ] ( ) ( )[ ]
( ) ( ) 02
1
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2
1212
=−+−−−+
+Δ−−−+Δ−−−
−−
−−
yxyxyxxxyy
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e
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e
x  (8)
which is a second order equation in Δt, where: 
• exa and eya are Cartesian components of acceleration ae, 
• 1−ixv and 1−iyv are Cartesian components of initial velocity vi–1. 
Thus, the time interval spent by the particle up to the frontier 12 can be solved as: 
A
Bt
212
Δ±−=Δ  (9a)
where: 
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( ) ( )[ ]
( ) ( )[ ] ( ) ( )[ ]21121121121212
2
112112
2
2
4
yxyxyxxxyyaxxayy
vxxvyyACB
ii
e
y
e
x
iyix
−+−−−−−−−
−−−=−=Δ
−−
−−  (9e)
Normalization is performed for parameters A, B and C, by dividing each one by A, if A ≠ 0. 
The time interval Δt may have, in general, two distinct solutions for each frontier, resulting in a 
total of six solutions. Let's consider the situations that may arise. Lets call Δta and Δtb the two distinct 
possible solutions for the current frontier: 
1- If Δ > 0 in (9a), two situations may occur: 
a) If Δta > 0, Δtb > 0 and Δta < Δtb: 
The correct solution is Δta, which corresponds to the nearest intersection; Δtb corresponds 
to a farther intersection, possibly outside the current finite element. 
b) If Δta > 0 and Δtb < 0: 
The correct solution is Δta, as the negative one would correspond to a particle moving in 
the opposite direction, with a negative velocity. 
2- If Δ = 0, in (9a): 
The formulation, (8), reduces to a first order equation, and has only one solution; the particle 
intercepts the current frontier only once: crossing it, or tangent to it. 
3- If Δ < 0, in (9a): 
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There is no solution; the particle does not intercept the current frontier. 
4- If A = 0, in (9a): 
In this case, (9a) can not be directly used, but (8) also reduces to a first order equation, from 
which Δt12 can be solved as: 
B
Ct −=Δ 12  (9f)
This case corresponds also to the situations where the particle intercepts the current frontier 
only once: crossing it, or tangent to it. 
The correct overall solution, among all six possible ones, corresponds to the lower non-zero 
positive solution; non-zero because a null Δt corresponds, in fact, to the initial point for the particle's 
trajectory computation, and not to a solution itself. 
Once identified, the correct solution for Δt is then used to advance the particle up to the next 
frontier, updating particle's coordinates with (5), and particle's velocity with (6). This process is 
repeated, on an element-by-element basis. 
The specific solutions for electrostatic and for magnetostatic field cases are detailed in the 
following: 
Electrostatic field case: 
Particle acceleration due to electrostatic field is: 
ee
m
q Ea =  (10)
where: 
• Ee is the constant electric field within the current element. 
The solution is obtained by substituting Cartesian components exa  and 
e
ya  of the acceleration given 
by (10) in (9b) and (9e), and solving (9a). 
It is important to notice that this approach can be extended to a generic 2D trajectory. Since the 
electrostatic field is constant within each finite element, the trajectory is computed as a parabola for 
each element, but the whole trajectory can be any generic curve. 
Magnetostatic field case: 
Let's consider a 2D circular trajectory, as shown in Fig. 1, to define a referential Cartesian 
coordinate system. The only magnetic field component is along the z-axis, as indicated. The particle 
moves clockwise in the x-y plane, describing a circumference with radius ρ, the Larmor radius; the 
increasing direction adopted for the angle θ in this referential system, though, is counterclockwise. 
Particle's initial parameters are also indicated: velocity vi–1, angle with horizontal θi–1, coordinates   
(xi–1, yi–1), besides charge q and mass m. The circumference center's coordinates are (xC, yC). 
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 Fig. 1. Particle's circular trajectory in magnetostatic field. 
Particle's acceleration due to the magnetostatic field, in 2D, is given by: 
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where: 
• ωC is the cyclotronic frequency, given by: 
e
zC Bm
q=ω  (12)
and: 
• ezB is the constant magnetic field component in the z-axis, within the current element. 
The solution is obtained by substituting the acceleration components (11) in (9b) and (9e), and 
solving (9a). 
This approach, though, when implemented, has led to miscalculations in trajectory, increasing with 
time advance, due to the approximation of the circular trajectory by parabolas, within each element. 
Thus, for the magnetostatic field case, this approach has been discarded, and the one adopted 
considers solution by coordinates, as explained in the following. 
2) Trajectory computation directly for coordinates: 
In this case, the solution could be obtained, through a general approach, using (5) and (7), but 
eliminating the time interval Δt, and solving the system of equations for the coordinates xi and yi. An 
alternative for the magnetic field case is to consider particle's circular trajectory within each finite 
element. Both approaches are explained in the following. 
General formulation: 
From (5) and (7), solving for the coordinates xi and yi, results, after some algebraic manipulation: 
( )( ) ( )( )11211121 22 −−−−−− −+±=−+± iieyiyiyexiiexixixey yyavvaxxavva  (13)
Thus, a system of two equations results from (13) and (7) – repeated here as (14) for convenience. 
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This system of equations, though, results in an intricate formulation to be solved. Then, this 
approach has been discarded, and trajectory computation from time interval variable Δt, already 
presented in (9a) through (9f), is preferred for the electrostatic field case; for the magnetostatic one, 
an alternative approach is explained in the following. 
Circular trajectory formulation: 
The solution for the magnetostatic field case, obtained directly for coordinates, can also be 
approached, in 2D Cartesian coordinates, through the direct use of the circular trajectory formula (15). 
( )[ ] 2122  CC yyxx −−±= ρ  (15)
where: 
• ρ is the Larmor radius, 
• (xC, yC) is the trajectory center's coordinates. 
The Larmor radius is computed as: 
Cωρ
v=  (16)
where: 
• |v| is velocity's magnitude, constant within each finite element. 
The trajectory center's coordinates are computed, for the current element, as: 
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where: 
• θi–1 is the angle between vi–1 and the horizontal, in counterclockwise direction, as shown in Fig. 1. 
The initial angle θi–1 is computed, for the current element, as: 
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A system of equations, resulting from (15) and (14), has to be solved for the coordinates xi and yi, 
resulting, after some algebraic manipulation, in (18): 
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which is a second order equation in xi. 
Thus, updated particle's coordinates in the next frontier can be solved as: 
A
Bxi 2
Δ±−=  (20a)
where: 
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Normalization is also performed in parameters A, B and C, if A ≠ 0. Once the coordinate xi is found, 
the correspondent coordinate yi must be computed, with (14). 
There are also, in general, two distinct solutions for each frontier, resulting in a total of six 
solutions. Let's consider the situations that may arise: 
1- If Δ > 0 in (20a): 
The particle's trajectory intercepts the current frontier twice; the correct solution corresponds to 
the one that gives the lowest distance to the initial point (xi–1, yi–1). 
2- If Δ = 0 in (20a): 
There is only one solution; the particle's trajectory is tangent to the current frontier. 
3- If Δ < 0 in (20a): 
There is no solution; the particle's trajectory does not intercept the current frontier. 
The correct overall solution corresponds to the one that gives the lowest distance to the initial point 
(xi–1, yi–1). 
It is important to notice again, that this approach can be extended to a generic 2D trajectory. The 
trajectory is approximated, for each finite element, by circular arcs, but the whole trajectory can be 
anyone. Larmor radius, cyclotronic frequency and trajectory's center coordinates, must be computed 
for each element. 
In summary: 
1- The approach for time Δt variable solution is preferred for the electrostatic field case, for 
which it gives good results. For the magnetostatic field case, this approach should be further 
investigated for minimum Δt which gives good results. 
2- The approach for coordinate variables (xi, yi) solution is preferred for the magnetostatic field 
case, considering circular particle trajectory by parts. For the electrostatic field case, the 
coordinates solution results in an intricate formulation. 
IV. STRIP-FOIL EXTRACTION SYSTEMS FOR CYCLOTRONS 
Extraction systems based on strip-foils – also known as charge-exchange beam extraction – was 
invented in 1964 [13], with first experimental results reported some years latter [13]. 
Some important concepts for ion extraction are reviewed in the following. The charge state Z refers 
to the number of charges in an ion, while the mass number A refers to the number of nucleons – 
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Proton or Neutrons – in an ion. Specific charge η, in turn, means the ratio Z/A, while the ratio of 
specific charge change after and before stripping extraction is given as K = ηa /ηb [13], where: 
• ηb is the specific charge before stripping, 
• ηa is the specific charge after stripping. 
From (12) and (16), Larmor radius ρ can be expressed as: 
qB
mv=ρ  (21)
As variations in Z correspond directly to variations in q, when Z increases, so do q, and from (21), 
Larmor radius decreases. 
This technique has been widely used for negative ion beam extraction [2], [13]. Negative ions loose 
electrons when passing through the strip-foil, becoming positive ions. The rotation direction is thus 
changed, and ions are directed towards cyclotron's exit. 
The strip-foil technique can also be used for positive ion extraction [13], [14]. In this case, a 
positive ion looses electrons in the strip-foil, and its charge state Z increases, reducing its rotation 
radius. The positive ion, thus, performs at least one short loop, before exiting the cyclotron [13]-[15]. 
As cyclotron electromagnetic fields are not designed to take into account this kind of motion, beam 
quality may be disturbed [13], [15], thus, multiple loops should be avoided. Also, the specific charge 
η must increase at least by 2, so the rotation radius decreases at least by 0.5, preventing the ion to 
perform an additional orbit through the cyclotron, which would result in additional acceleration [15]. 
Light positive ions can be extracted with high efficiency, near 100 %, while extraction efficiency 
for heavy positive ions is poorer [13], [16], for the following reason: due to the diversity of charge 
states resulting after a heavy positive ion passes through a strip-foil [17], [18]; thus, only ions of one 
of these charge states can be extracted in a given design. 
Some common examples of negative and positive ion extraction can be mentioned: 
1- Both H+ and H− Hydrogen ions have charge state Z = 1, mass number A = 1, and consequently, 
specific charge η = 1. The former must be extracted by electrostatic deflection, while the latter 
is stripped with K = −1, [13], [15]. 
2- Both 2H+ and 2H− Deuteron ions, have charge state Z = 1, mass number A = 2, and consequently, 
specific charge η = 0.5. The former must be extracted by electrostatic deflection, while the 
latter is stripped to 2H+ with K = −1, [13], [15]. 
3- Molecular Hydrogen ion H2+ has charge state Z = 1, mass number A = 2, and consequently, 
specific charge η = 0.5. When stripped, it dissociates into two Protons, with K = 2, [13], [15]. 
4- He+ has charge state Z = 1, mass number A = 4, and consequently, specific charge η = 0.25. It is 
stripped to He++, with K = 2. 
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V. NUMERICAL RESULTS 
A. Magnetostatic fields – vector potential 
1) Bastos' example: 
The first example, reported in [19], is illustrated in Fig. 2, which shows the input data for the 
problem. A mesh with the same characteristics as the one reported in [19], has been generated, for 
comparison purposes. 
 
Fig. 2. Bastos' example geometry. 
Results for the z-axis component of the magnetic vector potential A, for six nodes in the domain, are 
compared in Table I. 
TABLE I. BASTOS' EXAMPLE – VECTOR POTENTIAL A 
Node A [Wb.m
−1] (×10−2): 
Bastos’ results  
A [Wb.m−1] (×10−2): 
IEN’s results 
4 1.5325 1.5325 
8 3.0651 3.0649 
12 3.3723 3.3722 
13 3.3723 3.3722 
14 7.3598 7.3594 
30 3.0645 3.0643 
 
Comparison of the magnetic induction components Bx and By for six elements in the domain, is 
shown in Table II. 
TABLE II. BASTOS' EXAMPLE – INDUCTION COMPONENTS BX, BY 
Element 
Bx [T]: 
Bastos’ results  
Bx [T]: 
IEN’s results  
By [T]: 
Bastos’ results  
By [T]: 
IEN’s results  
4 3.0726 × 10−1 3.0726 × 10−1 − 3.9875 − 3.9875 
8 3.1411 × 10−3 3.1415 × 10−3 − 4.3876 × 10−3 − 4.3872 × 10−3 
12 6.4760 × 10−3 6.4764 × 10−3 6.4760 × 10−3 6.4764 × 10−3 
13 0. 0. 3.0645 3.0645 
14 4.2903 4.2901 − 1.5325 − 1.5325 
30 1.5325 1.5325 − 4.2903 − 4.2903 
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2) Steering magnetic device: 
The second example is based on a magnetic steering device developed previously at IEN [20]. 
Results obtained in the present work are compared to both Meeker's FEMM [21] results and to 
experimental measurements. 
The magnetic steering device's geometry is shown in Fig. 3a. Plane symmetry has been adopted to 
reduce mesh size, the magnetic vector potential being set to zero in this symmetry line, besides on the 
domain boundaries. The electric current density in each coil is J = 749.219 × 103 A.m−2. Fig. 3b 
shows results for the magnetic vector equipotentials, corresponding to the flux lines. 
a) b)  
Fig. 3. a) Magnetic steering device's geometry; b) Magnetic vector equipotentials. 
Experimental measurements have been performed with a gaussmeter [22] along a path ranging from 
the air gap's center to a point 25 mm to the side, in 5 mm steps. Table III shows a comparative 
analysis among our code results, FEMM's results and experimental measurements. 
TABLE III. MAGNETIC DEFLECTION DEVICE – MAGNETIC INDUCTION 
Pont in the path 
[mm] 
By [T]: (× 10−4) 
FEMM’s results  
Bx [T]: (× 10−4) 
IEN’s results  
By [T]: (× 10-−4) 
Measurements  
0 750.7 750.7 749.1 
5 748.7 748.7 745.4 
10 741.4 742.2 736.2 
15 727.5 730.0 718.0 
20 703.8 702.3 688.7 
25 668.6 684.0 653.2 
B. Particle trajectory tracing 
1) Trajectory in electrostatic field: 
An electrostatic deflector has been simulated, consisting of two 50.0 mm length parallel plates, with 
a 2.0 mm gap and a potential difference of 5.0 kV applied between them. 
An alfa particle has been tracked, with its mass and initial velocity corresponding to real values in 
the extraction region of the CV-28 Cyclotron [20]: q = 3.20 × 10−19 C, m = 6.70 × 10−27 kg and           
v = 3.59 × 107 m.s−1. 
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The domain has been bounded by the device's geometry, so as to result in an approximately uniform 
electric field, for comparison with the analytical result. Table IV shows the comparative analysis for 
vertical deflection. 
TABLE IV. TRAJECTORY IN ELECTROSTATIC FIELD 
Vertical deflection 
[mm]: 
Analytical result 
Vertical deflection 
[mm]: 
Numerical result 
1.1568 1.1581 
 
Fig. 4a shows the deflector geometry, with the computed electric field, and particle's trajectory 
traced from left to right boundaries, while Fig. 4b shows also the finite element mesh and particle's 
velocity evolution. A long curvature, downwards, can be observed in both figures. 
a)  
Fig. 4. a) Electrostatic deflector's geometry, electric field and particle's trajectory. 
b)  
Fig. 4. b) Electrostatic deflector with finite element mesh and particle's velocity evolution. 
2) Trajectory in magnetostatic field: 
For the magnetostatic field case, of a typical compact cyclotron has been simulated in 2D. The 
characteristics of this cyclotron correspond to a sector-focused – or azimuthally varying field (AVF) 
cyclotron –, [23], [24], and are listed in the following: 
• Magnetic poles with four sectors (four hills and four valleys); 
• Straight sectors (not spiraled); 
• Pole diameter: 2 m; 
The simulated cyclotron resembles, in a sense, some cyclotrons cited in a number of publications of 
stripping extraction systems, as: VINCY Cyclotron [25], DC-72 Cyclotron [13], [16], and U-400R 
Cyclotron [16], to cite just some references. For a first work, the simulation of this typical cyclotron 
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opens possibilities to simulate other cyclotrons. 
Hard-edge approximation has been adopted for the magnetic induction component Bz, as can be 
assumed in preliminary simulations [26]. Only the last internal orbit at the extraction radius, and 
particle's extraction paths, are shown. Closed orbit approximation has been considered, as usually 
done for this type of cyclotron [27]. Closed orbit parameters have been set to: 
• Azimuthally averaged magnetic induction Bav = 1 T; 
• Average particle's radius ρav = 0.8 m; 
As long as hills and valleys' angles are equal, magnetic induction on hills Bh and in valleys Bv have 
been set to hypothetical values around Bav: Bh = 1.5 T, and Bv = 0.5 T. 
Results for the first simulated example is shown in the following, corresponding to a closed orbit in 
the cyclotron. Fig. 5a shows mesh with trajectory, while Fig. 5b shows cyclotron's geometry, 
magnetic induction on hills and valleys, and trajectory. Hills are shown in brown, while valleys are 
shown in light blue, corresponding to the magnetic induction's magnitude colors scale shown in the 
right side of Fig. 5b. 
It is possible to notice the curvature with reduced radius on the hills, and with larger radius on the 
valleys, as expected. 
a) b)  
Fig. 5. a) Mesh and particle's trajectory; b) Cyclotron's geometry, magnetic induction on sectors and particle's closed orbit. 
Another example has been simulated, for stripping extraction of positive ions from the cyclotron. 
Ratio of specific charge change has been chosen as K = 2. Fig. 6 shows the resulting trajectory. 
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Fig. 6. a) Mesh and particle's trajectory; b) Cyclotron geometry, showing the sectors and positive ion extraction. 
Strip-foil is located at angle 22.5º (see referential coordinate system in Fig. 1), what corresponds to 
the frontier between the right hill and the valley above it. It is possible to notice the effect of strip-
foil positioning for positive ion extraction. The first part of the loop occurs within the hill, resulting 
in a shorter curvature radius. The second part, in turn, occurs within the valley, which causes a 
curvature radius enlargement and particle exit from the cyclotron. 
This example has been simulated with different meshes, and the results are shown in Table V. It is 
possible to notice that mesh refinement improve the results, as shown by the convergence of particle's 
exit coordinates and velocity. 
TABLE V. PARTICLE'S EXIT COORDINATES AND VELOCITY EVOLUTION WITH MESH REFINEMENT 
Number of 
elements in the 
mesh 
Particle’s exit 
coordinates [m]  
Particle’s exit 
velocity [m·s−1]  
1926 x = 0.698 
y = 0.715 
vx = 0.711 
vy = 0.366 
8004 x = 0.660 
y = 0.750 
vx = 0.692 
vy = 0.402 
32454 x = 0.659 
y = 0.752 
vx = 0.691 
vy = 0.403 
VI. CONCLUSIONS 
The 2D magnetostatic examples show good results achieved for magnetostatic field simulations 
from vector potential formulation. 
An alternative method for single non-relativistic particle trajectory computation in electrostatic or 
magnetostatic fields, has been developed and implemented. Particle trajectory tracing was achieved 
for both electrostatic and magnetostatic fields. In the former case, a realistic example of an 
electrostatic deflector was simulated, with good results, as shown in Table IV. 
For the magnetostatic field case, the first cyclotron simulation shows a closed orbit at extraction 
radius, which agrees with theoretical predictions, with the orbit terminating over itself. Some 
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simulations of another example of stripping extraction of positive light ions have been performed, 
leading also to good results. It is clear that mesh refinement techniques improves particle trajectory 
computation. Thus, adaptive remeshing can be used, possibly only near particle's trajectory. 
The approaches adopted for particle's trajectories computation, can be extended to 3D, by 
considering particle's trajectory intersection with plane equations, corresponding to the finite element 
faces. 
Besides implementing an alternative trajectory computation method, the authors also attempt to the 
technique of stripping extraction of positive light ions from cyclotrons. To upgrade positive ion 
cyclotrons, so it achieves near 100 % extraction efficiency, one possibility is to convert it to a 
negative ion cyclotron. This option, though, brings several technological difficulties. Negative ion 
cyclotrons must have its vacuum improved, to avoid negative ion dissociation in the residual gas. 
Negative ion sources [28], [29], have themselves other inherent technological difficulties, specially 
external ones, which involve RF design, and also the challenging problem of injecting ions into 
cyclotron through an inflector [30]-[32]. 
Therefore, the stripping extraction of positive ions turns to be a very interesting alternative for 
positive cyclotron upgrade, if it could be tuned to accelerate light positive ions such those mentioned 
in this work, as: molecular Hydrogen H2+, Helium He+, or other ions mentioned in the literature. A 
method for particle trajectory computation and tracing, such as the one presented in this work, can 
strongly support this kind of work. 
Besides cyclotrons simulations, the design of other electromagnetic devices for accelerator or 
associated technologies could benefit of such a method. Examples could be accelerators of other 
types, beam lines and beam bending magnets, mass spectrometers, among others. 
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